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The five dimensional Brans-Dicke theory naturally provides two scalar fields by the Killing reduc-
tion mechanism. These two scalar fields could account for the accelerated expansion of the universe.
We test this model and constrain its parameter by using the type Ia supernova (SN Ia) data. We
find that the best fit value of the 5-dimensional Brans-Dicke coupling contant is ω = −1.9. This
result is also consistent with other observations such as the baryon acoustic oscillation (BAO).
I. INTRODUCTION
The expansion of the Universe is shown to be acceler-
ating by the observations of type Ia supernovae (SN Ia)
[1, 2]. This is usually attributed to the contribution of
an unknown component, dubbed dark energy, which has
negative pressure and makes up about three quarters of
the total cosmic density (for recent measurements, see
e.g. Ref. [3, 4]). The simplest model for dark energy is
the cosmological constant (CC), which is consistent with
most of the observations today. However, there are two
big problems for CC, i.e. the well-known “fine tuning
problem” and the “coincidence problem” . As alterna-
tives, and also to solve these two problems, many dy-
namical dark energy models with scalar field have been
proposed, such as quintessence [5, 6, 7, 8, 9, 10, 11, 12],
phantom [13], quintom[14], K-essence [15, 16], tachyon
[17, 18, 19, 20, 21, 22] and so on. Nevertheless, in most
cases the fundamental physical origin of these scalar fields
remain unknown, but just added by hand.
In Ref. [23], by generalizing the Brans-Dicke the-
ory to five dimensions and exploring its effect on the 4-
dimensional world, another interesting approach to ex-
plain the cosmic accelerated expansion was proposed.
Under the condition that the extra dimension is compact
and sufficiently small, a spacelike Killing vector field ξa
arises naturally, in which case the 5D Brans-Dicke theory
can be reduced to a 4D theory, such that the 4-metric
is coupled with two scalar fields φ and λ. Notes that
here the scalar fields in four dimension stem naturally
from a fundamental theory of gravity. Considering the
hypersurface-orthogonal property of ξa, the line element
in five dimension can take the form as
ds2 = gµνdx
µdxν + λdx5dx5, (1)
thus the scalar λ also plays the role of a “scale factor” of
the extra dimension. It was shown in Ref. [23] that these
two scalar fields originated from the Killing reduction of
the 5D Brans-Dicke theory may lead to the accelerated
expansion of the universe. More detailed analysis is de-
sirable to check if the theory can match the current obser-
vational data such as the SN Ia and the baryon acoustic
oscillation.
In this paper, we compare the predictions of the cosmic
expansion rate of this theory with the current cosmolog-
ical observations, and constrain the 5D Brans-Dicke the-
ory by means of the SN Ia data and the baryon acous-
tic oscillation (BAO) measurements. This work is based
on the fact that the 4-dimensional gravitational constant
G varies extremely slowly with time [24] in the current
epoch. Thus we assume that G is a constant at the “low
redshift”, so that the accretion of the white dwarf will not
be affected, hence the luminosity and light curve of the
observed SN Ia (redshifts range from 0 to 2) are not af-
fected by the slow variations of G, and the SN Ia can still
be used as the standard candle. Furthermore, if we as-
sume that G is almost a constant throughout the history
of the Universe, we could also use the information from
the large scale structure (e.g. BAO) to perform the con-
straints. However, we should note that G = (φλ1/2L)−1
[23], where L is the coordinate scale of the extra dimen-
sion. Although G is almost constant in four dimension,
G(5) ∼ φ−1 is not necessarily a constant and can still
evolve with time.
II. THEORY
The action of the five dimensional Brans-Dicke theory
is given by
S5 =
∫
d5x
√−g(φR(5) − ω
φ
gab(∇aφ)∇bφ)
+16pi
∫
d5x
√−gL(5)m , (2)
where R(5) is the curvature scalar of the 5D metric gab,
φ is the scalar field, ω is the coupling constant, and L
(5)
m
represents the Lagrangian of 5D matter fields. Variation
of this action gives the field equations
R
(5)
ab −
1
2
gabR
(5) =
ω
φ2
((▽aφ)▽bφ− 1
2
gab(▽
cφ)▽cφ)
+φ−1(▽a▽bφ− gab▽c▽cφ)
+8piφ−1T
(5)
ab , (3)
▽
a
▽aφ = 8pi
T (5)
4 + 3ω
, (4)
2where T
(5)
ab represents the 5D energy momentum tensor
of matter fields and T (5) = T
(5)
ab g
ab.
The topology of the spacetime manifold is assumed to
be R4 × S1, and the extra dimension is confined into ex-
tremely small scales [25]. Thus a Killing vector field ξa
arises naturally in the low energy regime [26]. Consider-
ing the case where ξa is everywhere spacelike and hyper-
surface orthogonal, the line element can be written down
as Eq.(1). The 4D Ricci tensor R
(4)
ab of the 4-metric hab
and the scalar field λ are related to the 5D Ricci tensor
R
(5)
ab by
R
(4)
ab =
1
2
λ−1DaDbλ− 1
4
λ−2(Daλ)Dbλ+ h
c
ah
d
bR
(5)
cd (5)
and
D2λ =
1
2
λ−1(Daλ)Daλ− 2R(5)ab ξaξb. (6)
where Da is the covariant derivative operator on the 4D
spacetime obtained by Killing reduction
DeT
b...d
a...c = h
p
eh
m
a . . . h
n
c h
b
r . . . h
d
s∇pT r...sm...n,
and D2 ≡ DaDa. After the Killing reduction we obtain
the 4-dimensional field equations [23]:
G
(4)
ab = 8piφ
−1L−1λ−
1
2T
(4)
ab +
1
2
λ−1(DaDbλ− habDcDcλ)
−1
4
λ−2((Daλ)Dbλ− hab(Dcλ)Dcλ)
+
ω
φ2
((Daφ)Dbφ− 1
2
hab(D
cφ)Dcφ)
+φ−1(DaDbφ− habDcDcφ)
−φ
−1
2
λ−1hab(D
cλ)Dcφ, (7)
DaDaλ =
1
2
λ−1(Daλ)Daλ− φ−1(Daλ)Daφ
+
8pi
Lλ
1
2φ
(
2ω + 2
4 + 3ω
T (4) − 4ω + 6
4 + 3ω
P
)
, (8)
and
DaDaφ = −1
2
λ−1(Dcλ)Dcφ+
8pi
Lλ
1
2
(
T (4) + P
4 + 3ω
)
, (9)
which are equivalent with the 5D Brans-Dicke theory
with the Killing symmetry.
In the homogeneous and isotropic universe described
by the 4D Robertson-Walker metric, Eqs. (7)-(9) are sim-
plified as
H˙ = 2Hu+Hv +
1
2
uv − ω
2
u2 − 8piG2ω + 3
3ω + 4
ρm(10)
u˙ = −3Hu− u2 − 1
2
uv + 8piG
1
3ω + 4
ρm (11)
v˙ = −3Hv − 1
2
v2 − uv + 8piG2ω + 2
3ω + 4
ρm (12)
where H ≡ a˙/a is the Hubble parameter, u ≡ φ˙/φ, v ≡
λ˙/λ, ρm = ρm0(1 + z)
3 is the matter density, and G =
(φλ1/2L)−1.
In the dynamical compactification model of Kaluza-
Klein cosmology, the extra dimensions contract while our
4-spacetime expands [27, 28, 29]. We adopt this idea and
assume that the present Universe satisfies
a3(t0)λ
n/2(t0) = constant,
where n is a positive real number, then we have [23]
v(t0) = − 6
n
H0, u(t0) =
3
n
H0. (13)
Substituting ddt = −H(1+z) ddz into Eq.(10)–Eq.(12) with
the present values of H0, u0 and v0, the evolutions of
H , u and v according to the redshift could be solved
numerically.
III. OBSERVATIONAL TEST
We assume that the Universe is flat, then the luminos-
ity distance at a redshift z is given by
dL(z) = (1 + z)
∫ z
0
cdz′
H(z′)
. (14)
The distance modulus is related to the luminosity dis-
tance by
µ(z) = 5 log10 dL(z) + 25. (15)
In supernovae observation, the χ2 statistic is given by
χ2SN =
N∑
i=1
(µobs(zi)− µth(zi))2
σ2i
, (16)
where µth(zi), µobs(zi) are the theoretically predicted and
observed value of the distance modulus at redshift zi re-
spectively, and σi is the measurement error.
We use the SN Ia data recently published by the Su-
pernova Cosmology Project (SCP) team [39]. This data
set contains 307 selected SNe Ia, which includes sev-
eral widely used SNe Ia data set, such as the Hubble
Space Telescope (HST) [40, 41], “SuperNova Legacy Sur-
vey” (SNLS) [42] and the “Equation of State: SupEr-
Novae trace Cosmic Expansion” (ESSENCE) [43]. Using
the same analysis procedure and improved selection ap-
proach, all of the sub-sets of data are analyzed to get a
consistent and high-quality “Union” data set, which gives
tighter and more reliable constraints.
The Markov Chain Monte Carlo (MCMC) technique
is adopted to perform the constraints. We generate eight
MCMC chains and each chain contains about two hun-
dreds thousands simulated points after the convergence
has been reached. After the thinning process, there are
about 12000 points left to plot the marginalized proba-
bility distribution function (PDF) and contour maps for
the parameters in our model. More details about our
MCMC can be found in our earlier paper [45].
3IV. RESULTS
In Fig.1, we show the redshift evolution of H ,u and
|v| (where |v| = −v). We set the present matter den-
sity parameter Ωm0 = 0.27. According to current solar
system experiments, the coupling constant ω of higher-
dimensional Brans-Dicke theories are constrained as ω ≈
−(d − 2)/(d − 3) [46], where d is the spatial dimension.
For our case d = 2, so ω ≈ −2. In the figure we plotted
the cases of ω = −1,−2,−3. As can be seen from the
bottom and top panels of Fig.1, for different ω the ex-
tra dimension “Hubble constant” v2 (note that v ≡ λ˙/λ)
becomes more and more negative while H becomes more
and more positive as the redshift goes up. This indicates
that the extra dimension is shrinking indeed while the
four visible dimensions are expanding. The cosmological
implications of this model can be seen more directly in
Fig. 2, where the distance moduli predicted by the the-
oretical model and the observed SN Ia data from SCP
team [39] are compared. Apparently the model predic-
tion is in good agreement with data when ω = −2. For
ω = −1 the model acts as a matter-dominated universe,
while for ω = −3 as a dark energy-dominated universe
[47].
FIG. 1: The redshift evolution of H , u and v. We assume that
the geometry of the Universe is flat and fix Ωm0 = 0.27, then
plot the curves for ω = −1, ω = −2 and ω = −3 respectively.
We now investigate the constraint on the model. The
marginalized PDF of ω is shown in Fig.3. The best fit
value of ω is about -1.9. Note that ω ≈ −2 is required by
solar system experiment [46], and now we find that the
best fit obtained with cosmological data happens to give
the same best fit ω value! This shows that our model pre-
dicts dark energy model naturally. The PDF decreases
steeply when ω > −1.9 and gently when ω < −1.9, so
there is also some probability for ω to get more negative
values.
In Fig.4, we plot the contour map for Ωm0 and ω. We
FIG. 2: Comparison of the distance moduli between the mod-
els with ω = −1,−2,−3 and the SCP SN Ia data set.
find that the best fit value of Ωm0 is around 0.27 which
is consistent with other cosmological observations, e.g.
cluster X-ray observations [48]. However, more negative
values of ω is also consistent with current observations.
The 95.5% C.L.reaches -4.8, when Ωm0 is in the range of
0.24 ∼ 0.4.
FIG. 3: The probability distribution function of ω. We find
the best fit value for ω is about -1.9.
V. SUMMARY
By considering a hypersurface-orthogonal spacelike
Killing vector field in the 5-dimensional spacetime, the
5D Brans-Dicke theory can be reduced to a 4D theory
4FIG. 4: The contour map of Ωm0 and ω. The joint
best fit value of Ωm0 and ω is around (0.27, -1.9). The
1σ(68.3%), 2σ(95.5%) and 3σ(99.7%) C.L. curves are marked
by red solid, green dashed and blue dotted lines respectively.
with the 4-metric coupled to two scalar fields. These two
fields could naturally lead to the accelerated expansion
of the Universe.
We study the evolution of the two fields and compare
the expansion rate with SN Ia observations. The two
scalar field would make the Universe evolve as if “matter-
dominate” or “dark energy-dominate” when ω is greater
or less than -2. We find that the model is in best agree-
ment with the supernovae data when the 5-dimensional
coupling constant ω = −1.9 ≈ −2, which happens to be
also the value required to satisfy the solar system exper-
iments. Furthermore, for this best fit value, the best fit
Ωm0 value is about 0.27, in good agreement with other
independent measurements such as those derived from
X-ray cluster observations. This work is based on the
assumption that the 4D gravitational constant G varies
extremely slowly so that it can be regarded as a constant
at ”low redshift” where the SN Ia data are available. If
we further assume G does not change during the whole
history of the Universe, then other cosmological observa-
tions such as BAO can also be used, we find that in this
case the results are almost the same.
In conclusion, the 5-dimensional Brans-Dicke theory
could naturally provide two scalar fields which may cause
the accelerated expansion, the result is consistent with
the SN Ia observation, hence it is a candidate to explain
the accelerated expansion of the Universe.
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